Tutorial 4: Velocity Kinematics

These questions are from the Practice Exercises of the Modern Robotics book. The solutions can be
found on the book website. Please try your best before referring to the solutions.

Question 1: KUKA LBR iiwa 7R robot arm

Figure 1 shows the KUKA LBR iiwa 7R robot arm. The figure defines an {s} frame at the base
with the j;-axis pointing out of the page and a {b} frame aligned with {s} at the end-
effector. The robot is at its home configuration. The screw axes for the seven joints are
illustrated (positive rotation about these axes is by the right-hand rule). The axes for joints 2,
4, and 6 are aligned, and the axes for joints 1, 3, 5, and 7 are identical at the home
configuration. The dimensions are L; = 0.34m, L, = 04m, L; = 0.4m,and L, = 0.15m.

a. What is the space Jacobian when the robot is at its home configuration?
b. Assume the angles of the joints are i”/16 forjointsi = 1---7. What is the space

Jacobian?
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Figure 1. The KUKA LBR iiwa 7-dof robot.

Question 2: RPR robot arm

Figure 2 shows an RPR robot that is confined to the plane of the page. An end-effector frame {b} is
illustrated, where the X-axis is out of the page. The directions of positive motion of the three joints
are indicated by arrows. The axes of the two revolute joints are out of the page, and the prismatic
joint moves in the plane of the page. Joint 1is at g; = (0,—5,7) in {b} and joint 3 is at g5 =
(0,—1,—3) in {b}. Write the body Jacobian J,(8) for the configuration shown. All entries of your
J(8) matrix should be numerical (no symbols or math).



Figure 2. An RPR Robot.



Sample solution

Questions are from Modern Robotics Practice Exercises.

Question 1: KUKA LBR iiwa 7R robot arm

The sample solutions are purposely elaborated to show the calculations involved. They have been
manually worked out and have not been verified. The sample answers may have errors; they are
meant to show the steps involved.

In real scenarios, these calculations are done on a computer. However, for the purpose of the
assessments in this module, you are expected to be able to perform the calculations manually for
simple robotic arms.

First note there are 7 joints, so n=7, the Jacobian matrix will have 7 columns. We take note of the
whereabout of J1 to J7. Since we are interested in space Jacobian, we begin with the joint closest to
the {s} frame, i.e. J1 and progress further away from {s}, i.e. J2, J3, .. J7. Taking note that as we move
to further joints, the motion of preceding joints will affect the current joint being considered. E.g. for
J4, the w, and v, will be affected by the values of 84, 8, and 65, i.e. motion of preceding joints.

Two approaches:

1. We may derive a general expression for each column of the Jacobian matrix in terms of 8.
The expression can be used to determine the Jacobian matrix given any values of 8. For (a),
we substitute @ = [0]. For (b), we substitute 8 = [6; = i”/16 fori=1..7]

2. Alternatively, we the computations can use the values of 8 to determine each w; and v;
from the beginning without trying to find the general expression. We can use rotation
matrices to account for the rotation induced by earlier joints.

The sample solution below uses the second approach.

Question 1(a): Exercise 5.1(a)

Note this question determines the Jacobian at a specific configuration, the zero/home configuration
at @ = [0]. Therefore, the final answer of the Jacobian is not in the function of 9.
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Figure 3. Zero/home configuration.

At home configuration,

JE=Ud JH 1% T J% 1% J%]

We will determine each Jacobian column.



0

0
0 = [wé] w9 = 0| in the direction of J;, i.e. Z;.
0
vY = [0[ no linear motion on {s}.
0
w9 1
0 = [ g] w9 = 0] in the direction of J,, i.e. £;.

0 0
v =L, =034
0 0
when rotate around J,, {s} experiences a linear motion in the direction of j at a

distance of L;.

w? 0
%= [ S’] 0} = [0] in the direction of J5, i.e. Z;.
3 1
0
2l
0

rotating around /5 does not cause linear motion on {s}.

0 1
9 = [wg] w) = [0] in the direction of J,, i.e. ;.
0 0
v =L, +L,| =10.74
0 0

rotating around J, causes {s} to move (linear) in the direction of ¥y, according to RHR

(right hand rule), at a distance of L; + L.

w? 0
n=lo]  eg=lo
Vg 1
0
0

similar to J5.



0 0
vd=|L +L, +L;| =114

0 0
similar to J,.

w2 0
b=la]  et=o

0
v9 =10
0

similarto /4, J3, Js.

Question 1(b): Exercise 5.1(b)

One way to find w; and v; at an arbitrary angle 0 is to apply the transformation caused by 8;_; ... 04,
i.e. preceding joints.

Given 8; = i”/16, we obtain

9 = (gll 92; 93; 94; 95; 96[ 97)
_(n 2n 3w 4w 5w 6w 77r>

16’16°16°16°16° 16’ 16
_(n m 3m w 5w 3 77'[)

16’8°’16°4°16° 8 '16
We want to determine

15(9)=[]sl ]SZ ]s3 ]s4 ]sS ]sé ]s7]

We will determine each Jacobian column.

)
Je1 = [vll] The axis of ], i.e. w4 is not affected by any 6;, it remains at

-}

Likewise, rotating around it does not cause any linear motion on {s},

B



Notice the direction of J,, i.e. w, is affected by (dependent on)
0, (preceding joint).

We can determine w, by applying the rotation of 6; on wzo

w, = 10t(Zs,01)w,°
[cosf; —sinf; O0][1 1
=|sinf; cos6; O] [0] =R, [0
L 0 0 1110 0
[cos 6]
= |sin 6,
0

T

COSE 0.999..1 [1
— T 0.00343| = |0] given 6, =

T
16 16

0

Likewise, we apply the rotation due to 8; on v,°

v, = rot(Zg, 0,)v,°

[cosf; —sinf; 010
=|[sinf; cosHO, 0] [Lll
L0 0 L0
__Ll Sln 91
=| Ly cosO, ]
! 0
[—0.34 sin 04 0 T
=1 0.34cos 6, ] = [0.34 given 8, = 3 and L; = 0.34
0 0

Note, we can alternatively determine v, using cross product,

Vy = —Wy X q
L “A’Z cos 6,
« ! [sm 91] [ ]
Xs
I 3, /—];\ q_[ ] —L,sin 6,
s\ 7 ’ —[L1c0591]
(expressed in {s}) 0
1
0
o)
Js2 = [vz] = 8
0.34
0



)
2 \ T We considering w3 and v5, we note
J 2 J
T 2 ‘ L (—ﬁ . they are transformed from w3

0 and
53\ U U “3" 13%by 6, and B,.
\
We can apply the transformation on w3° and v5° to determine w5 and v5.
w3 = rOt(ZAs; 91)7'015(56\5, 92)(1)30
= erot(fs, 92)(1)30
[cosf; —sinf;
=|sinf; cos 91 cos 92 —sin 92
| 0 sinf, cos#6,
[cosf; —sin 91 cos 92 sin @, sin 6,
=|sinf; cosf;cosf, —cosb;sin 92] [0 =R, |0
| 0 sin @, cos 0,
[ S1S2
= —Clszl
| (2
000685 : [0%1 ven, = 2 g, = X T
= . .. | =10. given, = —,0, =—=—
0999 _ 1 16 16 8
U3 = rOt(ZAS; el)rOt(jc\SI 92)1’730
= R2U30
€1 —S51C2  S1S
=151 C1C2 —Clszl [ ]
0
0
=10
0
Alternatively,
V3 = —w3 X(q
0 0 - . :
=—lolx|o Note q is defined from {s} to the intersection of w, and
1 Ly ws3. Basically g can be from {s} to any point on w;. Since
0 w3 intersects at w,, this point is convenient.
=10
0
0
0
_[%31~|1
]S3 - [U3] = 0
0
0



%s Ja
Zg
9, “{s}

Wy = rOt(ZAs; 91)7'015(56\5, QZ)TOt(ZAs; 03)(‘)4-0
= Ryrot(Z5,03)w,°
[C1 —S1C; 5183

=151 €& 0152 S3 C3

[ 0 S2

[C1C3 — S1C2S53 —0153 - 51C203 5152 1
0
0

= |S1C3 + €1C3S3 —S1S3 +C1CC3 —C1S;,
I 5253 S2C3 C2
[C1C3 — 510253]

0
0

=R,

= |51C3 + C1CyS3
5253

T 0.999 ..
=10.0137.. 0014

0. 00007

s
given 0, = —

Vs
6 92:—25’93:—

v, = rot(2,, 6,)rot (R, 0;)rot(Zg, 83)v,°

= Ryv,°

[C1C3 — S1C283  —C1S3 — §1C2C3 5152

S1C3 + €1C,S3  —S1S3+ €1C2C3  —C1S;

| S253 §2C3 C2

[—cy53(Ly + Ly) — s1¢553(Ly + Ly)

—s5153(Ly + Ly) + c1c303(Ly + L)

I sp¢3(Ly + Ly)

[—1 % 0.01028...(L; + L,) — 0
0+1%0.999..(L; +L,)

L 0
'—0.0076...] [ 0

0
Li+L,
0

. T 21T T 31T
gtven@l =1_6'92 =1_6=§’93 =1_6

0.739.. | =10.74
0 0

given L, =0.34,L, =04,L; + L, = 0.74m

1
0.014
0
0
0.74
0

IR

Jo =[]



For Js,

ws = rot(Zs, 01)rot(Xs, 65)r0t(Zs, 03)r0t(Xs, 04) w5°

R3rot(Xs, 0,) ws°

[C1C3 — S1C2S3  —C1S3 —S51C2€3 S35 11 0 0 1[0

= |S1C3 + C1C3S3 —S1S3 + C1CxC3 —0152] [0 Cy —Su [0]

5253 S3C3 C2 0 s, cull1

[C1C3 — §1C3S3  —C1S3C4 — S1C2C3C4 + S1S2S4  C1S3S4 + 51C2C384 + 51S2€47 [0 0
1 1

= |S1C3 + €1C3S3 —S1S3C4 + C1C3C3C4 — C1S2S4  S1S3S4 — €1C3C3S4 — C1S3Cy
5,83 S7C3Cy + CySy —S87C3S, + CyCy

[C153S, + 51CC38, + 5152C4

= |S1S3S4 — C1C3C3S4 — €152C4| note most of the cos and sinare either 0 or 1

| —SC3S4 + C3Cy

[0

= o] 4i e_ng_Zn_n0_3n9_4n_n
_1'gwen1_16'2_16_8'3_16'4’_16_4
01 [0
175:R4,1750:R40=0
ol lo
0
0
_@s). |1
]SS_[US]—O
0
0



For Js6,

Wy = o Wy We
Ly Lo (L e ]
J?s il Iz i Ja ‘.‘jq Je
3 @s
s (:O @ B L0
91 \ /,93 \ 9 ]
We = R4T0t(2s' 95)0)60
o 0:999 . Sor
=R, 55 =R, 0.017 given 05 = —
0 16
- 0
[1
=R, |0
L0

€163 — 51C€2S3
513t €1C283| column 1 of R,
S,S3

~

1 . T 2 @ 3
= |0 given 6, :E'QZ :Ezg,g3 T
0
V6 = Ryrot(Zs, 05)ve°
_C5 —Ss 0 0
=R4 Sg Csg 0 L1+L2+L3
L0 0 1 0
[—s5(Ly + Ly + L3)
= R4 C5(L1 + LZ + L3)
. 0
0 51
= Ry|Ly+ Ly + Ls| given 85 = 16’ ,S5 = 0,c5 =1
0

—C153C4 — S1C2C3C4 + 515254
—S5153C4 + €1C2C3C4 — €15254| column 2 of R,
SpC3C4 + €35,

= (Ly+L,+Ls)

0

T 2n @ 3 4t mw
=(L;+Ly+1L3)|1 : glvenﬁl—ﬁ 0, = E=§'93=E'94_E 2
0
= (1.14| given L; = 0.34,L, = 0.4,L; = 0.4m
0

J

Jse = [(:7)66] = l
1

O OO0 O K
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* Ll N L\‘\ ~
X
. | i
L+
g, s} .
\of
\7/'.

Wy - m4 -
I g
9z Lz ‘\_ 94 Lg, ‘\

w7 = R4rot(zs, 95)7”075(955, 96)0)7

~

IR

E ool o ]

fﬂé

-

[Cs _55C6 S556
R, |Ss Csce —0556” ]
| 0
[ S556
R4, _CSS6]
| Ce
R 8 ven 0 = 2% = 31 0,co =1
iven9, =— =—,s5, = 0,¢c, =
4 . g 6~ 16 g ' 56 6
c1§3s4 + S1€2C3S, + S152C4
515384 — €1C3C354 — c152c4,]
—S57C38, + CyCy
g ] p T p 2t W p 3 P 4r
iven;, =—,0, =—=—,0,=— ,0, = —
1g 1776216 87" 167~ 16

v; = Ryrot(Zs, O5)rot(X, 65)v,°

Cg —Sg 0 1 0 0
=R,|ss g 0”0 Ce —56”
0 0 1110 s ¢
0
0
0
0
(1)7 o 1
]S7=[v7]= 0
0
0
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Question 2: RPR robot arm
(Exercise 5.3)

Zh

Xb

J1 and J3 point out of the paper

0,

J1 \()1
q1 = (0,-5,-7)
There are three joints, n = 3, the Jacobian matrix has 3 columns.

Ib@) =1Ub1 Jo2 b3l

Since we are looking for body Jacobian, we start from the joint closest to the {b} frame and progress
to joints further from {b}, i.e. Joint 3, then 2, then 1. We take note the Jacobian column of a joint will
be affected by the motion of “preceding” joints. In the case of body Jacobian, “preceding” means
closer to the {b} frame.

From the diagram, we can see that w; (J1) and w5 (J3) are in the direction of X;, (note the reference
is {b} frame) taking note of the direction of 8, and 85 in RHR. We also note J2 is a prismatic joint at a
direction along the first link.

1
)
We now find J,3 = [v:] We already note ws = [0] since J3 is in the direction of X;,. We have been
0

given the vector g3 connecting J3 and {b}, we find

e

0
J2 is a prismatic joint, so w, = [0] v, is the direction (with reference to {b}) of the prismatic joint.
0

Next we find [, = [(;)22]

We can see that it changes (with reference to {b}) when 85 change. It should be a function of 6;.
However for the question, 65 is not given, and the question ask for the answer in numerical, i.e. not
in a function of 85, for e.g. Instead we know g, and g3. We can find v, from vector addition of g,
and gs.

12



From the diagram below, we can see that vector of the linear translation by 8, is given by the vector
v,0, where v, is the unit vector that gives the direction of the translation and 8, is gives the
magnitude of the translation.

Zy

N0

q1 = q3 + (—v,0;)

Al

To find v,, we divide v, 60, by its magnitude [|v,0,|| to get the direction (unit vector).

V.01l = V0 + 42 + 42 = /2 x 42 = V2,42 = 442

V0, =q3—q1 =

Uy, =

0 0
0 4 1
4]+m= /z|=| vz
4 Yozl 'z

W
Lastly, we find J; = [1711] This is similar to J;3.

-}
e BB

Putting all together,

1 0 1
0 0 0
0 0 0
h=1 0
-7 1/\f -3
5 1/vV2 1
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